Phenomenological consequences of residual ℤs2 and ℤ⎯⎯⎯s2 symmetries by Hanlon, Andrew D.Department of Physics and Astronomy, Michigan State University, East Lansing, MI 48824, United States et al.
Physics Letters B 729 (2014) 185–191Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb




Andrew D. Hanlon a, Shao-Feng Ge b,∗, Wayne W. Repko a
a Department of Physics and Astronomy, Michigan State University, East Lansing, MI 48824, United States
b KEK Theory Center, Tsukuba 305-0801, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 6 September 2013
Received in revised form 16 December 2013
Accepted 21 December 2013
Available online 3 January 2014
Editor: G.F. Giudice
The phenomenological consequences of the residual Zs2 and Z
s
2 symmetries are explored in detail. With a
precisely measured value of the reactor angle, these two residual symmetries predict distinct distributions
for the Dirac CP phase and the atmospheric angle, which lead to the possibility of identifying them at
future neutrino experiments. For both symmetries, it is possible to resolve the neutrino mass hierarchy
in most of the parameter space, and they can be distinguished from one another if the true residual
symmetry is Zs2 and the atmospheric angle is non-maximal. These results are obtained using an equally
split schedule: a 1.5-year run of neutrinos and a 1.5-year run of antineutrinos at NOνA together with
a 2.5-year run of neutrinos and a 2.5-year run of antineutrinos at T2K. This schedule can signiﬁcantly
increase and stabilize the sensitivities to the mass hierarchy and the octant of the atmospheric angle
with only a moderate compromise to the sensitivity of distinguishing Zs2 and Z
s
2.
© 2014 The Authors. Published by Elsevier B.V. All rights reserved.1. Introduction
The reactor angle has been accurately measured in the last two
years. The ﬁrst hint of a nonzero reactor angle came from the
T2K experiment [1] in 2011, followed by MINOS [2] and Double
CHOOZ [3], with a conﬁdence level around 3σ . The next spring,
Daya Bay [4] and RENO [5] arrived at conclusive measurements,
reaching 5.2σ and 4.9σ , respectively. The signiﬁcance continued
climbing to 7.7σ [6] by October of the same year, resulting in a
large reactor angle, sin2 2θ13 = 0.089 ± 0.010 ± 0.005, and provid-
ing a great opportunity for further developments in the ﬁeld of
neutrino physics.
From the theoretical side, new models are needed to accom-
modate the large reactor angle, see reviews [7–9] and references
therein. A direct consequence of a nonzero reactor angle is that
μ–τ symmetry [10], in the neutrino sector, has to be broken. This
is independent of the basis, and hence the concrete representation,
once the relation between residual symmetries in the neutrino and
the lepton sectors is determined, as shown in the appendix of [11].
It may appear as a part of the full ﬂavor symmetry that constrains
the fundamental Lagrangian, but it has to be broken when neutri-
nos obtain mass. Similarly, all other broken symmetries are hidden,
at least in neutrino oscillation experiments, and hence “do not lead
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by some symmetry, it has to be a residual symmetry that con-
strains the neutrino mass matrix and therefore directly determines
the mixing pattern [12].
With this picture in mind, three approaches [9] can be iden-
tiﬁed in the search of a model to account for the large reactor
angle. First, corrections can be added to drive the reactor angle
away from zero and the atmospheric angle away from the maxi-
mal value with the extent of the deviations depending on model
parameters, where deviations should be of the characteristic order,
sin2 2θ13 ∼ 0.1, of μ–τ breaking. Or, a residual symmetry can be
used to establish a correlation between mixing parameters that is
independent of artiﬁcial model parameters [12]. This unique corre-
lation can predict the reactor angle that is consistent with current
experiments, or it can predict the Dirac CP phase to be tested
by future experiments. Full ﬂavor symmetry can be reconstructed
in a bottom-up way from residual symmetries [13] which serves
as a lower energy effective theory. In addition, there is a third




From the experimental side, the large reactor angle paves the
way to measure the remaining parameters of neutrino oscillations.
The mass hierarchy can be measured by medium-baseline reactor
experiments, such as JUNO [15] and RENO-50 [16], atmospheric
neutrino experiments, such as PINGU [17] and HyperK [18], as
well as accelerator experiments, such as NOνA [19,20], see [21]
for more details. For the atmospheric angle, PINGU and MINOS
[22] can help to narrow its uncertainty and hence tell its devia-
tion from 45◦ and to which side, or octant, it will deviate. The CPts reserved.
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T2K [23] and NOνA. These experiments will report data in the next
few years and make precision tests of neutrino mixing models pos-
sible.
In this Letter, we explore the phenomenological implications
of the residual Zs2 and Z
s
2 symmetries in detail. In Section 2,
the unique correlation between the neutrino mixing parameters is
used to predict the Dirac CP phase and the atmospheric angle with
one of the recent global ﬁts. In Section 3 these predictions are then
used as input to future precision neutrino experiments to study the
phenomenological consequences of the Zs2 and Z
s
2 residual sym-
metries at precision experiments. We will conclude the Letter in
Section 4.
2. Predictions of Zs2 and Z
s
2
The neutrino mixing matrix can be completely determined by
two independent Z2 symmetries [24,25] in the diagonal basis of
charged leptons, if neutrinos are of the Majorana type. One is μ–τ









where k is a free parameter. In addition, there is another residual
symmetry Zs2 represented by,
G2(k) = 1
2+ k2





where G2 = G1G3 [24], with G3 being the matrix for μ–τ sym-
metry. After the μ–τ symmetry is broken, the remaining residual
symmetry of the neutrino sector can be either Zs2 or Z
s
2. Each of
them can induce a unique correlation among the mixing param-
eters, namely the three mixing angles θr(≡ θ13), θs(≡ θ12), and
θa(≡ θ23) together with the Dirac CP phase δD , as follows [12],
cos δD = (s
2
s − c2s s2r )(s2a − c2a)
4casacssssr
for Zs2, (3a)




r − c2s )(s2a − c2a)
4casacssssr
for Zs2, (3b)
where (cα, sα) ≡ (cos θα, sin θα) and the subscripts are chosen ac-
cording to the physical/historical meaning of the corresponding
mixing angles. They apply to both Dirac and Majorana type neu-
trinos, independent of the value of k. Note that θr is denoted as θx
in [12] because at that time it had not yet been measured, but now
history has marked it as the one ﬁrst measured by reactor neutrino
experiments. In addition, the PDG convention of the mixing matrix
[26] has been adopted resulting in a minus sign for the expressions
of cos δD . The above correlations and the expanded forms [12] are
reproduced in various models, [13,27] and [14], respectively.
There is an important property of the above correlations. These
expressions contain only mixing parameters with no reference to
model parameters. In other words, it is a unique prediction that
can serve as a robust indication of the existence of residual Zs2
or Zs2 symmetries and can be directly tested by precision mea-
surements. This property makes the correlation very restrictive and
powerful.
With the reactor angle θr around 8.7◦ [6], the Dirac CP phase
(3) has a large chance to fall into the meaningful range of cos δD ∈
[−1,1]. If the atmospheric angle θa also deviates from its maximal
value θa = 45◦ , as indicated by global ﬁts [28,29] and the prelim-
inary measurements of MINOS [22], a reasonable prediction of δDcan be obtained [12]. Since our last paper, the global ﬁts have been
updated by including the recent measurements from reactor neu-
trino experiments [28–30] and it would be interesting to see to
what extent the new data affect the predictions.
In order to make a close comparison with the results shown in
[12], we adopt the same global ﬁt updated in [28]. The χ functions
concerning the six neutrino oscillation parameters have been sum-
marized in Fig. 3 therein. Of these six parameters, the solar mass
squared difference δm2s (≡ δm212), the solar angle θs , and the reac-
tor angle θr have χ functions that are independent of the mass
hierarchy, while the constraints on the absolute value of the at-
mospheric mass squared difference δm2a (≡ δm213) and the Dirac
CP phase δD have a slight dependence, together with the largest
difference from the atmospheric angle θa . The resolution of the at-
mospheric angle’s octant is better for normal hierarchy (NH) than
for inverted hierarchy (IH). Since the correlations (3) are functions
of θa and δD , the resulting predictions will also bear some depen-
dence on the neutrino mass hierarchy. To make our analysis more
realistic, we extract1 the projected χ curves, which should give
a good enough estimation of the central values and widths, from
Fig. 3 of [28] as input. In this way, the complicated distributions,
especially that of θa , and the mass hierarchy dependence are both
taken into account in contrast to using the (a)symmetric Gaussian
distribution in [12].
By combining the correlations (3) and the global ﬁt [28], we
























where δpD ≡ δ(cos δD − cD) is a δ-function with cD denoting the
RHS of (3), and the P function denotes the normalized distribution
which is related to the χ function of the corresponding parameter
in [28] as P ∝ exp(−χ2/2). There exists the possibility of values
for the mixing angles that will produce a number outside [−1,1]
for the RHS of (3). These meaningless results will be discarded
when encountered in the calculations that follow. The integration
(4) is carried out by an adapted C++ version of the Monte Carlo
integration and event generation package BASES [32]. Then, the
distribution of the Dirac CP phase can be obtained through,
dP (δD)
dδD
= |sD |dP (cos δD)
d cos δD
. (5)
In principle, the χ2(δD) function for the Dirac CP phase in Fig. 3
of [28] can also be extracted and implemented to account for the
prior constraint. In that case, there would be an extra P(δD) in (4).
Nevertheless, it has negligible effect on the prediction, and is ne-
glected in the following discussions with the only exception being
in the prediction of the atmospheric angle.
The predicted differential probability distributions of the Dirac
CP phase δD and the leptonic Jarlskog invariant Jν ≡ casacsssc2r sr ×
sin δD [33] are shown in the upper and lower panels of Fig. 1,
respectively. Note that for a given value of cos δD , there are two
solutions of which only the one in the range 0 < δD < π is dis-
played. There is a mirror distribution δD → −δD that should be
kept in mind. So the curves in the upper panel of Fig. 1 have an
extra normalization factor of 0.5 in addition to the expression in
(4). For the leptonic Jarlskog invariant Jν , the two mirror distribu-
tions have been combined by displaying | Jν | instead of Jν .
For the distribution of δD shown in Fig. 1, there is only one
prominent peak for NH, whereas an extra peak appears for IH
due to the strong dependence of the input χ2(s2a) function on the
1 With the scientiﬁc data extraction tool g3data, http://www.frantz.ﬁ/software/
g3data.php.
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mass hierarchy. Note that the two peaks have approximately equal
distances to the middle point δD = 90◦ , since the two local min-
ima in χ2(s2a) sit at the two sides of s
2
a = 0.5 symmetrically. If
only the prominent peaks are considered, the predicted δD dis-
tribution of Zs2 can be clearly distinguished from that of Z
s
2. In
other words, if the neutrino mass hierarchy is normal these two
residual symmetries can be discriminated by measuring the Dirac
CP phase precisely. The dependence on other parameters is elabo-
rated in Section 3. For IH, the minor peak of Zs2 has some overlap
with the major peak of Zs2. Thus, there is still a small chance that
measuring only the Dirac CP phase will not suﬃce to differentiate
between the two symmetries.
In spite of the apparent difference between the δD distribu-
tions of Zs2 with NH and IH, the distributions of the leptonic
Jarlskog invariant are quite close to each other. This is because
the minor peak for IH is actually a mirror to the major one with
δD → 180◦ − δD , and the major peaks for NH and IH overlap with
one another. Thus, for Z s2 it is diﬃcult to distinguish the mass hi-
erarchy if only the leptonic Jarlskog invariant Jν can be measured.
This is also true for Zs2 as the two curves for NH and IH are not so
far from each other in most regions. However, the difference be-
tween Zs2 and Z
s
2 is signiﬁcant. The peaks of the former are very
narrow, while those of the latter extend through the whole range
from 0 to 0.04. This is different from the results in [12] using the
global ﬁt before the reactor angle had been measured. It shows
that precision measurements of the mixing parameters can really
help to distinguish residual symmetries. If future measurements
tell us that 0.02 < | Jν | < 0.04, Zs would become the most likely2Fig. 2. Predicted distributions of the atmospheric angle.
residual symmetry, while for | Jν | < 0.02 only Zs2 can survive. If
the true value of | Jν | is even larger than 0.04, both of them can
be eliminated.
With the reactor angle being precisely measured, the atmo-
spheric angle becomes the parameter in need of improvement,
especially its deviation from 45◦ . The correlation (3) can now be
used to predict the atmospheric angle θa as a function of the re-
actor angle θr , the solar angle θs , and the Dirac CP phase δD , in a
similar way as (4) and (5). The results are shown in Fig. 2. Since
the global ﬁt results of θr , θs , and δD have little dependence on
the neutrino mass hierarchy, the predicted distribution of θa is al-
most the same between NH and IH. However, the result depends
on the distribution of δD . Without any constraint on δD , the pre-
dicted θa sits symmetrically on the two sides of θa = 45◦ , peaking
around 32◦ ∼ 33◦ or 57◦ ∼ 58◦ for Zs2, which is in some tension
with the best ﬁt in [28], but has better agreement with the pre-
liminary results from MINOS as shown in [22], and 39◦ or 51◦ for
Z
s
2, which is better than Z
s
2. When imposing a prior P(δD) on δD ,
such as the global ﬁt [28] where δD ≈ 180◦ is favored, the pre-
dicted distributions of θa become asymmetric around the middle
point. This is because a prior favoring δD ≈ 180◦ brings a preferred
sign into tan2θa through cos δD in (3). This sign combines with the
mainly positive factor (s2s − c2s s2r ) (3a) for Zs2 and the mainly neg-
ative factor (s2s s
2
r − c2s ) (3b) for Zs2 to account for the major peak
in the lower octant (LO) or the higher octant (HO), respectively.
Things can be different if other priors on δD , such as those in
[30] and [29], are imposed. It is essential to have a precision mea-
surement of δD . In addition, the distribution is constrained within
30◦ < θa < 60◦ for Zs2 and 38◦ < θa < 52◦ for Zs2. If a large enough
deviation of θa is observed, Zs2 can be immediately excluded.
With a precisely measured reactor angle, the predicted distri-
butions of the Dirac CP phase and the atmospheric angle are quite
different for Zs2 and Z
s
2. This shows the possibility of distinguishing
between them at neutrino experiments, as studied in Section 3.
3. Consequences ofZs2 andZ
s
2 at precision experiments
Since the correlations (3) involve the three mixing angles and
the Dirac CP phase, it is necessary for all of them to be precisely
measured in order to study the residual symmetry. However, the
current constraint χ2(δD) obtained indirectly from the global ﬁt is
not strong enough.
In the near future, the Dirac CP phase will be measured by
the two experiments T2K [23] and NOνA [19,20]. So we will focus
on these two experiments to explore the phenomenological conse-
quences of the residual Zs and Zs symmetries. The predictions (3)2 2
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global ﬁt distributions of the remaining ﬁve parameters [28], are
used as input for simulation with GLoBES [34] using the AEDL ﬁles
for T2K [35] and NOνA [19,36] with cross sections taken from [37].
There are three major modiﬁcations:
1. The matter density distribution [38] is adopted for T2K to take
the complicated geological structure of Japan into considera-
tion. For NOνA, we use the default constant matter density
ρ = 2.8 g/cm2. In addition, each experiment has a 5% uncer-
tainty in the normalization of the matter density.
2. As pointed out in [39], splitting the running time equally
among neutrinos and antineutrinos can help to avoid the
chance of failing to identify the true hierarchy at the NOνA
experiment. So we choose to split the 3-year run of NOνA and
the 5-year run of T2K equally among neutrinos and antineu-
trinos. As a comparison, the schemes of purely neutrinos or
antineutrinos are also explored.
3. User-deﬁned priors are implemented instead of the default
Gaussian distribution. To comply with this ﬂexibility, the mini-
mization and projection of χ2 functions are carried out by the
external package, MINUIT2 [40].
Since the Dirac CP phase is now a function of the mixing an-
gles, only two major degrees of freedom, namely the neutrino mass
hierarchy and the octant of the atmospheric angle, need to be ex-
plored at neutrino experiments. The other four parameters, the
two mass squared differences, the solar angle, and the reactor an-
gle, are set to be their corresponding best ﬁt values [28],
δm2 = 7.54× 10−5 eV2 (NH and IH), (6a)
m2 = 2.43 or 2.42× 10−3 eV2 (NH or IH), (6b)
sin2 θs = 0.307 (NH and IH), (6c)
sin2 θr = 0.0241 or 0.0244 (NH or IH). (6d)
Note that the mass difference in the χ2(|m2|) function is deﬁned
as m2 ≡m23 − (m21 +m22)/2 [28] which needs to be converted into
δm231 ≡m23 −m21 before being put into GLoBES.
To study the phenomenological consequences of the residual
symmetries, the three mixing angles and the Dirac CP phase are
constrained by (3), assuming Zs2 or Z
s
2 is true, to generate pseudo
data which is then ﬁt by minimizing the χ2 function,
χ2 ≡ χ2stat + χ2
(
δm2
)+ χ2(∣∣m2∣∣)+ χ2(s2s )+ χ2(s2r ). (7)
The ﬁrst term represents the contribution from the event rates reg-
istered by the experiments under consideration, and the following
four terms are the priors extracted from the global ﬁt [28]. Note
that the priors on the atmospheric angle χ2(s2a) and the Dirac CP
phase χ2(δD) are not included, in order to show the pure sen-
sitivity from new measurements without contamination by their
priors.
3.1. The neutrino mass hierarchy
Since the neutrino mass hierarchy is a discrete degree of free-
dom, we can use either NH or IH to ﬁt the pseudo data and obtain
the corresponding minimum χ2min . If the mass hierarchy used to ﬁt
the pseudo data is the same as the one used to generate it, the
χ2 function (7) can be minimized to zero. Otherwise, a nonzero
minimum would result. The difference represents the sensitivity of
distinguishing NH from IH. For convenience, we show its absolute
value, χ2 ≡ |χ2min(NH) − χ2min(IH)|, where NH and IH stand for
the mass hierarchy used to ﬁt the data.Fig. 3. Hierarchy sensitivity for Zs2.
In addition to the input values in (6), the Dirac CP phase δD
is expressed as a function of θa (3) with two degenerate solutions
δD ∈ [0◦,180◦] and δD ∈ [−180◦,0◦]. These are used as true val-
ues to generate the pseudo data to which the χ2 ﬁt is carried out
with the six neutrino oscillation parameters being free. The results
are shown in Fig. 3 and Fig. 4 as functions of the true value of θa .
The negative (δD < 0) and positive (δD > 0) solutions are plotted
in thin and thick curves, respectively. To see the beneﬁt of split-
ting the running time among neutrinos and antineutrinos, three
schemes, namely NOνA with 3-years of neutrinos (3ν), or 3-years
of antineutrinos (3ν¯), or 1.5-years of neutrinos and antineutrinos
(1.5ν + 1.5ν¯), have been explored. Finally, we show the combined
result (NOνA+T2K), with 1.5 years at NOνA and 2.5 years at T2K,
each for neutrinos and antineutrinos.
Fig. 3 shows the hierarchy sensitivities when Zs2 is imposed.
For NH with δD > 0 and IH with δD < 0, there is almost no chance
to identify the neutrino mass hierarchy, due to CP-hierarchy de-
generacies [31]. The following discussions focus on the other two
cases, NH with δD < 0 and IH with δD > 0. If NOνA runs for 3
years with neutrinos (3ν) or antineutrinos (3ν¯), the mass hier-
archy can be identiﬁed in only a part of the region of sin2 θa .
For NH with δD < 0, the sensitivity χ2 > 4 can be reached for
0.5 < sin2 θa < 0.7 with a 3-year run of neutrinos, while it can
never reach χ2 > 2 over the entire region if a 3-year run of
antineutrinos is adopted. The situation can be signiﬁcantly im-
proved if NOνA runs with an equal splitting of the running time
between the neutrinos and antineutrinos (1.5ν + 1.5ν¯). The sen-
sitivity can increase to χ2 > 2 for almost all values of sin2 θa ,
and the coverage of χ2 > 4 now extends to sin2 θa > 0.45 and
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even sin2 θa > 0.41 if combined with T2K (NOνA+T2K). A simi-
lar thing happens for IH with δD > 0. The only difference is, if
running with only neutrinos or antineutrinos, the sensitive octant
switches in comparison with the case of NH with δD < 0. The sen-
sitivity reaches χ2 > 2 in the region 0.37 < sin2 θa < 0.54 with
a neutrino run and sin2 θa > 0.49 with an antineutrino run. In ei-
ther case, splitting the running time helps to avoid the uncertainty
from the unknown octant of θa . Note that, T2K can contribute at
most χ2 ∼ 1 to the hierarchy sensitivity.
The results for Zs2 are shown in Fig. 4. Most features of Z
s
2 still
apply here. Nevertheless, the differences are also apparent. First,
not every value of sin2 θa corresponds to a Dirac CP phase δD
through (3). For sin2 θa < 0.38 and sin
2 θa > 0.62, the prediction
runs out of the meaningful range, −1 < cos δD < 1. Actually, its in-
verse has already been observed in Fig. 2 and the discussions there.
When θa approaches the endpoints, cos δD approaches the crossing
point, cos δD = ±1, between the upper half-plane, 0◦ < δD < 180◦ ,
and the lower half-plane, −180◦ < δD < 0◦ . The pair of curves with
δD > 0 and δD < 0 would converge there. Due to CP-hierarchy de-
generacies [31], the sensitivity χ2 approaches zero when they
converge. Another difference from Fig. 3 is that the sensitivity of
distinguishing NH and IH is slightly smaller for Zs2.
3.2. Distinguishing Zs2 and Z
s
2
Once the neutrino mass hierarchy is determined, the next ques-
tion is how to distinguish between Zs2 and Z
s
2. For this purpose,
the six parameters used to do the χ2 ﬁt are no longer indepen-
dent of each other. One degree of freedom can be removed by theFig. 5. Sensitivity of distinguishing Zs2 and Z
s
2.
correlation (3). The corresponding sensitivity χ2 ≡ |χ2min(Zs2) −
χ2min(Z
s
2)| is deﬁned as a function of δD , in the same way as the
sensitivity to the mass hierarchy.
In Fig. 5, we show the results obtained by generating the
pseudo data with Zs2 and ﬁtting it with Z
s
2. The ﬁrst thing to be
noticed is the oscillatory behavior. For δD ≈ ±90◦ , no difference
between the two residual symmetries can be observed. This is be-
cause, around these two places, cos δD is very close to zero, leading
to an almost maximal atmospheric angle for both Zs2 and Z
s
2. It
cannot be changed by adjusting other parameters. For cos δD ≈ ±1,
running with neutrinos is always better than running with an-
tineutrinos. As a consequence, splitting the running time would
compromise some sensitivity, but it is still acceptable, since the
sensitivity is already large enough. In addition, the measurement
is easier if the true mass hierarchy is inverted for δD ≈ 0◦ and nor-
mal for δD ≈ 180◦ . The above observation also applies to T2K, as
shown in Fig. 5 with the only difference that now NH is the one
that has larger sensitivity for a 5-year run of neutrinos.
If Zs2 is the true residual symmetry, ﬁtting with Z
s
2 would not
achieve any remarkable sensitivity at NOνA and T2K. The reason
for this appears in Fig. 2. The distribution of θa implied by Zs2 can
cover the whole distribution permitted by Zs2. So it is much easier
for Zs2 to ﬁt Z
s
2.
3.3. The octant of θa
As shown in Fig. 5, the octant of the atmospheric angle is also
essential to distinguish Zs2 and Z
s
2. From (3) we can see that, if
the atmospheric angle θa is not maximal, the Dirac CP phase will
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s
2 at T2K.deviate from δD = ±90◦ and the sensitivity of distinguishing Zs2
and Zs2 can increase signiﬁcantly.
In Fig. 6 we show the ability of T2K to measure the octant of
the atmospheric angle. In the simulation, the correlation (3) of Zs2
or Zs2 is implemented to generate the pseudo data with s
2
a = 0.4
for LO and s2a = 0.6 for HO. The χ2 ﬁt is carried out with the
atmospheric angle θa ﬁxed while the other 5 parameters can be
freely adjusted.
It is a general feature that there are two local minima, one
at the input value of s2a and the other at its mirror s
2
a → 1 − s2a .
The octant sensitivity can be parametrized by the difference be-
tween these two local minima χ2 ≡ |χ2min(LO) − χ2min(HO)|. For
LO, a 5-year run of neutrinos has better sensitivity for δD > 0
than for δD < 0, and the opposite for a 5-year run of antineutri-
nos. These are reversed for HO. Note that not every case has a
large enough sensitivity. However, running with 2.5 years each for
neutrinos and antineutrinos can lead to stable sensitivity around
χ2 ≈ 4. These also apply to NOνA.
Special attention should be paid to the equal running time
scheme at NOνA and T2K. For the mass hierarchy and the octant
of the atmospheric angle, an enhanced and stable sensitivity can
be achieved in contrast to the single mode of running neutrinos
or antineutrinos. Although there is a compromise in the sensitiv-
ity of distinguishing Zs2 and Z
s
2, the sensitivity is still acceptable.
With all these factors taken into consideration, it is better to adopt





2 symmetry is an example of the general case which is not
constrained by any correlation such as (3), the feature should also
apply generally.
4. Conclusion
This Letter explores the phenomenological consequences of the
residual Zs2 and Z
s
2 symmetries. The reﬁned measurements on the
reactor angle leads to distinct predictions of the Dirac CP phase
and the atmospheric angle between the two residual symmetries.
For Zs2, the predicted distribution of the CP phase peaks around
±120◦ , while the peak is around ±35◦ ∼ ±40◦ for Zs2. The Jarlskog
invariant of the former is constrained within 0.02 < Jν < 0.04,
while it extends from 0 to 0.04 for the latter. The atmospheric
angle obtains a broader distribution 30◦ < θa < 60◦ from Zs than238◦ < θa < 52◦ from Zs2, while the shape is controlled by the Dirac
CP phase. These show the possibility of precision neutrino exper-
iments to distinguish between the two residual symmetries. For
accelerator type neutrino experiments, such as NOνA and T2K, the
sensitivity on the mass hierarchy can reach χ2 > 4 for the re-
gion 0.42  sin2 θa  0.7 if Zs2 is true and 0.43  sin
2 θa  0.58 if
Z
s
2 is true. With the mass hierarchy determined, the residual Z
s
2
and Zs2 symmetries can be distinguished from each other if the
CP phase is within the quarter around δD = 0◦ or 180◦ and Zs2 is
true. Within the other two quarters around δD = ±90◦ , both Zs2
and Zs2 can be excluded if the atmospheric angle is not maximal.
Otherwise, no sizable sensitivity can be achieved. All these results
are obtained with a split schedule, a 1.5-year run of neutrinos and
a 1.5-year run of antineutrinos at NOνA together with a 2.5-year
run of neutrinos and a 2.5-year run of antineutrinos at T2K. This
arrangement can signiﬁcantly increase and stabilize the sensitivi-
ties to the mass hierarchy and the octant of the atmospheric angle
with only a moderate compromise to the sensitivity of distinguish-
ing Zs2 and Z
s
2, in comparison to running with purely neutrinos or
antineutrinos.
5. Notes added
At the ﬁnal stage of this work, there appeared two works [41,42] that also ex-
plore the phenomenological consequences of correlations between mixing angles.
The ﬁrst [41] studies two typical cases of our more general correlations in (3), with
θa and θr expanded around 45◦ and 0◦ up to linear order while θs is ﬁxed. It ex-
plores the precision of low-energy neutrino factor (LENF) and wide-band superbeam
(WBB) facilities on measuring θa , θr and cos δD as well as the possibility of exclud-
ing the correlations. The second [42] considers the correlations in (3) supplemented
by an extra relation between θr and θs . The ability of distinguishing the two cor-
relations in (3) at NOνA and T2K as well as T2HK are studied, leading to similar
results as ours. For both of them, the predictions of cos δ (in [41]) and δ (in [42])
are consistent with ours, since they have close relation with the residual Zs2 and Z
s
2
symmetries, which are the real factors behind the correlations.
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